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It is well known that a commutative or cocommutative Hopf algebra is 
faithfully flat over any Hopf subalgebra. Examples of commutative cocom- 
mutative cosemisimple Hopf algebras have been found which are not free as 
modules over certain Hopf subalgebras. In this paper various sufficient con- 
ditions are given for a Hopf algebra to be free over a Hopf subalgebra. It is shown 
that a pointed Hopf algebra is free over any Hopf subalgebra (as a left or ‘right 
module). 
1. INTRODUCTION 
Takeuchi has shown [8] that a commutative or cocommutative Hopf algebra 
is faithfully flat over its Hopf subalgebras. In [SJ, examples of commutative 
cocommutative cosemisimple Hopf algebras are constructed in every charac- 
teristic which are not free over certain Hopf subalgebras. We will show that the 
question of freeness for commutative Hopf algebras reduces to the Hopf sub- 
algebra generated by the coradical (hence, to the cosemisimple case in charac- 
teristic 0). 
In general, a Hopf algebra is a free module over any Hopf subalgebra con- 
taining the coradical 2.3 of [6]. Using the elementary properties of injective 
comodules as developed in [4] we prove that a pointed Hopf algebra is free as a 
left (or right) module over any Hopf subalgebra. This can be thought of as a 
generalization of LaGrange’s theorem for finite groups. 
Throughout this paper we shall freely use the results and terminology of 
[l, 71. All vector spaces will be over a field K. 
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2. PRELIMINARIES 
Suppose C is a coalgebra. For subspaces U, I’ C C recall [l, 71 that the 
“wedge” U A I’ is defined as U A V = dV(U @ C + C @ V). Define Vn) 
inductively by V(O) = V and Vn) = V A W-l) for n > 1. If  I’ is a sub- 
coalgebra, then W) is also, and 
Now suppose A is a Hopf algebra and B Z A is a Hopf subalgebra. If  U, P C A 
are left (resp. right) B-modules then U A I’ is a left (resp. right) B-module. The 
following lemma is of fundamental importance in the sequel. 
LEMMA 1. Let A be a Hopf algebra, B C A a Hopf subalgebra, and C C A 
a subcoalgebra which is a left B-module. Then (B A C)/C is a free left B-module. 
Proof. B A C is a subcoalgebra, so d(B A C) C B @(B A C) + (B A C) @ C. 
Since C is a subcoalgebra N = (B A C)/C has a natural left B A C-comodule 
structure (w(n) = c at,) @ a(,) for a E B A C). Notice w(N) c B @ N, so N 
is in fact a left B-comodule. N is a left B-module in a natural way, and these 
actions give N the structure of a left B-Hopf module. Thus N is free by the 
structure theorem for Hopf modules Theorem 4.1.1 of [7]. Q.E.D 
COROLLARY 1. Let A be any Hopf algebra, and B C A a Hopf subalgebra. 
Then Btn) is a free left (and right) B-module for n > 0. If A, C B then A is a free 
left (and right) B-module. 
Proof. B(“+l)/B(“) is a free left B-module for n > 0 by Lemma 1. Thus by 
induction Btn) is a free left B-module. If  A, C B then A = B(-), so A is easily 
seen to be a free left B-module. Notice that B(“) := B(+l) A B, so by modifying 
Lemma 1 we can replace left by right. Q.E.D. 
COROLLARY 2. If A is a pointed irreducible Hopf algebra, then A is a free left 
(and right) B-module where B C A is any Hopf subalgebra. 
Now suppose A is a commutative Hopf algebra and B and 93 are Hopf sub- 
algebras. The Hopf algebra C = Btm) is a free B-module by Corollary 1 
(Co = B,). The next statement gives a sufficient condition for 9% to be a free 
BB-module. 
LEMMA 2. Let A be a commutative Hopf algebra with Hopf subalgebras B and ‘3. 
Suppose C n BB = B where C = B (*). Then there exists a subspace L c C such 
that B @L --PC and BB@L --+m SC are linear isomorphisms (m denotes 
multiplication). 
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Proof. Let M,,, = B(n)/B(lL -l) be as above and set A%! (n) = !~(B(“I)/~(B(‘“-1)). 
Then 4~~~) is a left YB-Hopf module in a natural way. 
We first claim that 
By assumption C n Y(B’O)) = B(O). Suppose C n Y(W)) = B(n). Then if 
c E C n F?(B(“+l)) we have 
flc E (C @ C) n (9B @ Y(W+1)) + Y(13’“+1)) @ B(.W))) 
C (C n 3B) @ C + C @ (C n 9p))) 
= B @ C + C @ Btn), 
by the proof of [l, Lemma 2.3.11 and by the induction hypothesis. Thus 
C n 3(Btn+l)) 2 B(*+l), and since the other inclusion is obvious, C n 9(Bcn+l)) = 
B(%+l). This completes the proof of the claim. 
By (*) the natural map j,: Mt,, + A(,, is injective for n 3 0. Let Mq denote 
the invariant elements of a Hopf module M. Notice for fixed n > 0 that 
commutes, where w and w’ are the comodule structure maps. Thus j,(MP,,) C 
&pn, . Since j, is a B-module map, by Theorem 4.1.1 of [a we have the com- 
mutative diagram 
iQi, 
Thus SB( jJM&,)) = Afn) , so we have that j,(M$J = A$, . Therefore 
the restriction j,,: M,,, ---f .kYfn, is bijective for A > 0. Let L, C B@) be any 
subspace which is mapped isomorphically onto M,$, via the canonical projection 
7,: B(“) -+ Men) . Then L = Lo + L, + ... C C is the desired subspace. 
Q.E.D. 
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3. THE COMMUTATIVE CASE 
Out first statement gives a general sufficient condition for a commutative Hopf 
algebra to be free over a Hopf subalgebra. 
PROPOSITION 1. Let A be a commutative Hopf algebra and B C A a Hopf 
subalgebra. Suppose there exists a Hopf subalgebra 9 of A such that (i) 9C 3 A,, , 
(ii) 9B is a free B-module, and (iii) C n %B = B where C = B(*). Then A is a 
free C-module (hence, a free B-module). 
Proof. Since C = Bcm) is a free B-module by Corollary 1, it suffices to show 
that A is a free C-module. Since SC 3_ A,, , again by Corollary 1 it suffices to 
show that %C is a free C-module. 
By Lemma 2 there exists a subspace L C C such that B @L --+m C and 
9B @L --G 5K’ are linear isomorphisms. By assumption there exists a subspace 
K C ??B such that B @ K -+m 9B is a linear isomorphism. Thus the diagram 
commutes where p is the composite B @ K @ L 211 B @ L 6~ K --+@I C @ K. 
Therefore C @ K -G SC’ is bijective, and SC is a free C-module. Q.E.D. 
COROLLARY 3. Let A be a commutative Hopf algebra over a jield of charac- 
teristic 0, and C be the connected component of the identity. Then A is a free 
C-module. 
Proof. A, is a Hopf subalgebra by [9, Proposition 01. Let B = A, and 
B = K * 1. Then C = Btm) by definition. Clearly ‘SB n C = B and we may 
apply Proposition 1. Q.E.D. 
COROLLARY 4. Let A be a commutative Hopf algebra and suppose A,, is a Hopf 
subalgebra. If B C A is a Hopf subalgebra, then A is a free B-module if A,, is a 
free B,-module. 
Proof. Let 9 = A,, . I f  C = Bfm), then C is a free B-module and C,, = B, . 
Thus we may replace B by C. Now if B = C,, , B is a Hopf subalgebra and the 
conditions of Proposition 1 are satisfied. Q.E.D. 
If  A is a commutative Hopf algebra over a field of characteristic 0, then A, 
is a Hopf subalgebra [9]. As an application of the preceding corollary we have 
the following: 
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PROPOSITION 2. Let A be a commutative Hopj algebra over a$eld k of charac- 
teristic 0 which has ajinite-dimensional coradical. Then A is a free module over any 
Hopj subalgebra. 
Proof. First of all assume that k is algebraically closed. By the previous 
corollary we may assume that A = A,. By Theorem 4.3 of [3], A* = k[Gl 
is the group algebra of a finite group G. Let B C A be a Hopf subalgebra. Then 
B* = k[H] where H is a group, and the restriction A* +a B* induces a 
surjection of groups G -tn H. 
Let &? C B be a maximal ideal. Then .Ml = k . h for some h E H. One can 
easily check that @%‘A)~ = C,, is the unique maximal subcoalgebra contained 
in r-l(k . h). Now it is easy to see that gCh = Cncgjh for g E G, so, since n is 
surjective, dim C, = dim C, = n for all h E H. Thus A/&A is a free rank n 
B/,at = k module for all maximal ideals .M C B. 
Now let .M r ,...,JZ, be the maximal ideals of B. Then A = &, A/&fiA 
is a free rank n B = nI=, B/&,-module. 
The general case reduces to the algebraically closed case by the following 
observation. Suppose A is any k-algebra and M is a finite-dimensional left 
A-module, k C F a field extension. If M @F is a free A @F-module, then M 
is a free A-module. Q.E.D. 
4. THE POINTED CASE 
In this section we prove that a pointed Hopf algebra is a free left (and right) 
module over any Hopf subalgebra. The proof utilizes basic facts about injective 
comodules, so we begin with a brief discussion for the sake of completeness. 
A more comprehensive discussion is given in [4]. 
Let C be any coalgebra, A an algebra, ./P the category of right C-comodules, 
and a.& (resp. M,) the category of left A-modules (resti. right A-modules). 
C&Z -9 kc (M ++ M,.) describes a covariant functor, where M, is the (unique) 
maximal rational submodule of M. An injective comodule is an injective in AC. 
Notice F preserves injectives; in particular, every N E AC has an injective hull 
in JP. I E .Mc is injective if for every monomorphism M -t N of jinite-dimen- 
sional comodules M, NE JYC any map M + I lifts to N. From this it is easy 
to see that the direct sum of injectives of MC is injective: an observation of 
fundamental importance to the proof of the main theorem of this section. 
Let MA --+(*) a~ be the functor which takes a right A-module to its linear 
dual. Then (*) takes projectives to injectives, so composing (*) with F we see 
that C = (C**), is an injective in &! c. Now let I C C be an injective right sub- 
comodule. Then I @ N = C for some N E~C, so C* = P @ NJ- is the 
direct sum of right ideals. Thus I’- = jC* for some idempotent j, so I = C - e, 
where e = E - j. This means injective subcomodules of C are closed under 
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wedging. Since C is injective, C - e is injective for any idempotent e E C*. Let 
M,, denote the sum of the simple submodules of a module M. 
LEMMA 3. Let A be a coalgebra and suppose A, = eseS N, is the direct sum 
of right subcomodules with thefollowingproperty: If T C S, then N, n (CheT Nh) # 
(0) implies N, c CheT Nh . Let NB C I# C A be an injective hull of N, for g E S. 
If C C A is a subcoalgebra nd A, C C, then C = &s (I, n C). 
Proof. I, = A - e for some idempotent e E A*. Thus I, n C = C -e 
since C is a subcoalgebra, so 1, n C is an injective in .A?c. Notice in fact that 
1, n C is an injective hull of N, since A, C C, so N, is the sum of the simple 
subcomodules of I, n C. 
By Zorn’s lemma there exists a maximal subset T C S such that the sum 
I = Chcr (Ih n C) is direct. I f  N, n I # (0), then N, n (Ohs= NJ # (0) since 
(0 M,), = @ (MJa is true for modules in general. Thus, by assumption, 
N, n I # (0) implies N, C I. 
We claim A, C I. For if N, $1, then N, n I = (0). Since 1, n C is an 
essential extension of N, we have (I, n C) n 1 = (0), contradicting the maxi- 
mality of T. Thus A,, C 1. Since I is injective, I @ N = C for some NE AC. 
But A, C I means N = (0) so I = C. Now observe &r N, = I,, = A,, = 
@,a N, , so S = T. Q.E.D. 
Now we are ready to prove the main theorem of this section. 
THEOREM. Let A be a pointed Hopf algebra and B C A any Hopf subalgebra. 
Then A is a free left (and right) B-module. 
Proof. C = BG is a subcoalgebra which contains the coradical of A, where G 
is the group of grouplikes of A. Let H be the subgroup of grouplikes of B, and 
let S be any set of right coset representatives for H. B, = h[K], so (Bg),, = 
h[Hg] for any g E G. We first assert: 
C= @Bg. (4-l) 
BES 
Proof. Clearly, BG = CIES Bg. This sum of coalgebras must be direct since 
(Ls &>o = Cm (Wo = Oges (Bgh - Q.E.D. 
Now let I E JA be any injective hull of B, . We may assume I is a sub- 
comodule of A containing B, . Then B c I since I is closed under wedging. If  
N, = h[Hg], then notice that the set of Ng’s satisfies the hypothesis of Lemma 
3. Since I is injective, I @ N = A for some NEAL. For g E G we have 
Ig @ Ng = A, so 1g is injective since A is injective. Clearly 1, = 1g is an 
injective hull of N, . Recall that I = A - e for some idempotent e E A*. 
B=C-e. (4.2) 
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Proof. B C In C = C - e. By 4.1 we see that B E AC is injective so 
B @ N = C - e for some NE A’c. But C - e is an injective hull of B, , so 
N = (0). Q.E.D. 
LEMMA 4. (C(“) - e)g C Bg A V-l), and the inclusion induces a linear 
isomorphism (OnI - e)g/(C@-“1 - e)g ‘v (Bg A C(n-l))/C(n-l) for g E G and 
n 3 0. 
Proof. If n = 0, C(n) -e = B by 4.2 so the statements are clear in this 
case (C’-l) = (0)). 
Let rz > 0 and suppose c E CY). Then AC E C @ A + A @ On-l) so 
AC -e E (C -4 @A + (A - e) @ W-l) = B @ A + (A - e) @ C(‘+l) 
by 4.2. Thus c - e E B A On-l), so On) - e C B A On-l). Now let c E B A 
P-l). Then c E Cn) and AC E B @ A + A @ 0-l) by definition. If f = 6 - e 
then we compute AC -f E (B -f) @ A + (A -f) @ C(la-l) = (A -f) @ C+l) 
since B -f = C - (e*f) = (0). Thus c -f E W-l). Hence c - c - e E Co-l), 
so the induced map Ccn) - e -+ (B A C(“-l’)/C(“-l) is surjective. Since Co-l) 
is a subcoalgebra it is clear the kernel of this map is C(+l) - e. 
To complete the proof notice that Cg = C, so C(“)g = Ctn) by induction, 
and that (B A W))g = Bg A (C(“)g). Q.E.D. 
Now C(@ n I = Ccn) - e so Ccn) n 1g = (Cfn) - e)g for all g E G. By 
Lemma 3 Ccn) = BBES (C(“) - e)g for rz > 0. Now we have the commutative 
diagram 
@ ((Bg A C(Q-1))/C('+ll) f,, c(n)/c(n-1) 
s=s 
t / 
(n) - e) g 
where fn is the B-module map determined by the inclusions of B-modules 
(Bg A C(+l))/C(n-l) 4 C(n)/C(la-l). By the preceding sentence and Lemma 4 
we have the commutative diagram 
@ ((Bg A C’“-l’)/C’“-1’) L!!.& Ch)/CM) 
OS.9 
ll / 
ti 
g% NC (w - e) g/(C+l) - e) g) 
Thus fn is an isomorphism of B-modules. By Lemma 1 it is easy to see that 
(Bg A C~n-f))/C(n-l) is a free left B-module for IZ > 0. Thus C(a)/C(n-l) is a free 
left B-module for n > 0. Since A, c C we have A = Ctm). Therefore A is a 
free left B-module. It is clear that A is also a free right B-module. This completes 
the proof of theorem. Q.E.D. 
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I f  C is a coalgebra over k and F Z? k is a field extension then (C @ F& C C, OF. 
Using the last observation in the proof of Proposition 2 we have as a consequence 
of the theorem: 
COROLLARY 5. Let A be a~~ite-d~rn~~~a~ Hopf algebra and suppose that A, 
is cocommutative. Then A is a free left (and right) B-module where B C A is any 
Hopf subalgebra. 
We end this paper with a corollary to the proof of the theorem in this section 
which encompasses the theorem and the last part of Corollary 1. 
LEMMA 5. Let A be any Hopf algebra over a field k, with B C A a Hopf 
subalgebya. If a E A is armlike then B = Ea (resp. B = aB) or B n Ba = (0) 
(rap. B n aB = (0)). 
Proof. I f  s is the antipode of Al and c E A then x s(c(~)) c(,) = e(c)1 = 
C c(~~(c(~)~. Thus if C Z A is a nonzero subcoalgebra, 1 E s(C)C and 1 E C%(C). 
Assume B n Ba E C # (0). Then 1 E s(C)C C (a-lB)B = a-lB so a E B. This 
means Ba = B. Likewise B n aB # (0) implies B = aB. Q.E.D. 
COROLLARY 6. Let A be a Hopf algebra, B C A a Hopf s~ba~ebra, and G be 
the grouplikes of A. If BG 112 A,, , then A is a free B-module. 
Proof. Let H be the grouplikes of B, and S Z G a set of right coset represen- 
tatives of H. Then by Lemma 5 one can easily show BG = @I,,~ Bg. Pu’ow the 
proof of the theorem goes through. Q.E.D. 
It should be noted that CorolIary 6 is a consequence of Theorem 3.2 of [S]. 
The proof we have offered gives a very different insight into the structure of 
such Hopf algebras. 
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